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Fethi Kamişli∗, Michael E. Ryan
Department of Chemical Engineering, State University of New York at Buffalo, Amherst, NY 14260, USA

Received 9 December 1998; received in revised form 26 April 2000; accepted 25 September 2000

Abstract

The two-dimensional flow in a rectangular channel containing a Newtonian fluid was solved analytically in terms of eigenfunctions as
θ → π/2, whereθ is the angle between the normal to the interface and the axial direction. From this analysis, the relationship between
the parametersCa, λ, andkd were obtained. These parameters are related to the amount of liquid deposited on the walls of the rectangular
channel. This analysis provides a satisfactory relationship betweenm andCa for values ofkd between 1.8 and 2.0. It is expected that the
coating thickness obtained from this analysis for a rectangular channel is close to the experimental data for a value ofkd taken to be 1.95
since the perturbation solution at low capillary number is close to this value ofkd. The solution is valid for an interface is almost parallel
to the walls of the Hele-Shaw cell. © 2001 Elsevier Science B.V. All rights reserved.
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1. Introduction

The motion of long bubbles into Newtonian fluids con-
fined in horizontal cylindrical tubes or channels of rectan-
gular cross-section (Hele-Shaw cell) has been studied for
several years. When a less viscous fluid displaces a more
viscous fluid from the gap between two closely spaced par-
allel plates, the interface develops a tongue-like shape with
the less viscous fluid penetrating into the more viscous fluid.
Similarly, when air is forced into one end of a circular tube
containing a viscous liquid, it forms a round-ended column
or bullet-like shape which travels down the tube forcing
some liquid out at the far end and leaving a fraction of the
liquid m, in the form of an annular layer covering the wall.
In the case of a square channel the shape of the less vis-
cous fluid penetrating into the more viscous fluid depends
on the velocity of the less viscous fluid. If the velocity of
the less viscous fluid (called the bubble or finger hereafter)
is larger than a certain limiting value, the bubble assumes
a bullet-like shape; otherwise, the bubble conforms to the
shape of the square channel. In a rectangular channel, if
the capillary number,Ca = µub/σ , is not too large, a sin-
gle steady-state tongue-like shape moves through the cell
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E-mail address: fkamisli@firat.edu.tr (F. Kamis¸li).

with constant velocityub, whereµ is the viscosity of the
driven liquid,ub the bubble velocity, andσ the gas–liquid
interfacial tension. In a circular tube or square channel, the
bullet-like shape of the bubble persists even at very large
capillary number. In other words, the fingering effect does
not occur in the case of a long bubble advancing in either a
circular tube or a square channel at large capillary numbers.

Most analytical and/or numerical studies of gas-assisted
displacement in rectangular channels, and other geometries,
commonly assume that the flow is two-dimensional. The fact
that the gap thickness between the two planes, denoted as 2d,
is very small makes it possible to derive the two-dimensional
flow field equations.

As mentioned previously, gas-assisted liquid displace-
ment, has been extensively investigated for more than
60 years. Fairbrother and Stubbs [14] performed the first
experiments to determine the amount of liquid left inside
of a tube when it is displaced by another immiscible fluid.
They determined the flow rate of the liquid by measuring
the motion of the gas interface in the tube. An empirical
correlation for the fraction of the liquid deposited on the
walls of the tube was formulated as follows:

m = ub − u

ub
= 1.0C

1/2
a =

(µub

σ

)1/2

This result was found satisfactory for capillary numbers be-
tween 10−3 and 10−2.
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Isothermal gas-assisted displacement of Newtonian liq-
uids in circular tubes was also experimentally studied by
Taylor [4]. By plotting the fraction of the liquid as a func-
tion of the capillary number, he collapsed the data on to
a single curve, and showed that this fraction asymptoti-
cally approached the value of 0.56 for a capillary number
nearly equal to 2. Cox [1,2] extended Taylor’s [4] result to
capillary numbers up to 10 and showed that the limiting
fraction of the liquid deposited on the walls of the tube
was approximately 0.6. His theoretical analysis resulted in
a fourth-order differential equation in terms of the stream
function. Inertial and gravitational forces were neglected.
The streamlines were assumed to be a specific function
of the spatial coordinates. The governing equations were
expressed in matrix form and solved numerically.

Bretherton [3] also undertook a theoretical analysis of this
problem for circular capillaries. He found an approximate
solution using the method of matched asymptotic expan-
sions. The idea behind this theoretical treatment is that for
sufficiently smallCa the viscous stresses appreciably mod-
ify the static profile of the bubble only very near to the
wall. In this region, the lubrication approximation gives a
good description of the flow field and of the interface pro-
file. In the center of the capillary, the static profile is valid
and there is a region of overlap in which the two solutions
are matched. Using the lubrication approximation which re-
quires quasi-unidirectional flow in the thin liquid film and
assuming the slope of the fluid–fluid interface to be small,
it can be shown that the velocity profile is parabolic. The
boundary conditions for steady flow are the no-slip condition
at the capillary wall, and tangential stress equal to zero at the
fluid interface. The bubble is assumed to be inviscid result-
ing in a constant pressure within the bubble. The pressure in
the liquid film is given by the pressure drop across the inter-
face which is approximated by the Young–Laplace equation.
Bretherton [3] also systematically explored a number of pos-
sible causes for the discrepancy between the analysis and
experimental data. Schwartz et al. [15] considered the same
problem and found some differences in liquid film thickness
for sufficiently long bubbles, as compared to short bubbles.

An experimental study by Marchessault and Mason [19]
used air bubbles in a dilute aqueous solution of potassium
chloride. Film thicknesses were inferred from resistance
measurements and were found to be substantially larger
than those reported by Bretherton [3]. The residual wetting
layer of the displaced liquid will vary with the velocity of
advance of the interface.

Numerical studies of capillary tube displacement of a wet-
ting liquid by a semi-infinite inviscid slug of gas have been
presented. Both Reinelt and Saffman [9] using a finite differ-
ence method and Shen and Udell [20] using a finite element
approach solved the full creeping-motion equations with
the continuity of stress imposed exactly on the free surface.

Ratulowski and Chan [6] investigated a single discrete
bubble and the motion of a long bubble in a circular tube
and square channel. They determined the fraction of liquid

deposited on the walls of the tube or channel and the pres-
sure drop across the bubble front. According to their study,
a single isolated bubble resembles an infinitely long bubble
in terms of determining the film thickness and pressure
drop across the bubble front if the length of the bubble
exceeds the channel width. Their analysis is only valid for
Ca > 3 × 10−3.

Kolb and Cerro [11] studied the isothermal gas-assisted
displacement of a Newtonian liquid from a channel of square
cross-section and showed that the liquid deposited on the
wall of the square tube also approaches an asymptotic limit
at high capillary numbers. AboveCa = 0.1, the gas forms
a circular hollow core and thicker liquid deposition; below
Ca = 0.1 the hollow core takes on the square cross-section
of the tube as the deposition thickness is reduced. The above
study was extended [10] by adding the lubrication approx-
imation for intermediate to large capillary numbers where
the flow is axisymmetric. In their work the film thickness
on the walls of the square channel can be predicted as a
function of capillary number since the velocity profile of
the fluid flowing between the bubble and the square channel
walls is known. It was claimed that the lubrication approxi-
mation solution is in good agreement with experimental data
for values of capillary number between 0.7 and 2.0.

Unlike previous investigators, Poslinski et al. [21] investi-
gated non-Newtonian fluids deposited on the walls of a tube.
They found that the fraction of the non-Newtonian fluid de-
posited on the walls is less than that of a corresponding
Newtonian fluid at low capillary number. At higher capillary
number the fraction of the liquid deposited asymptotically
increases and approaches a value of 0.58.

Poslinski and Coyle [22] have also examined shear thin-
ning effects using numerical simulation of the gas-assisted
displacement of non-Newtonian fluids in a tube and slit.
Numerical results indicated that fluids with a shear thinning
viscosity exhibit a thinner liquid film thickness than corre-
sponding Newtonian fluids.

Huzyak and Koelling [25] experimentally investigated
the gas-assisted displacement of non-Newtonian fluids de-
posited on the walls of a tube. They examined the effect
of fluid elasticity and tube diameter on the fractional cov-
erage. Their study showed that unlike Newtonian fluids,
the fractional coverage for viscoelastic fluid did not reach
an asymptotic value but continued to increase, attaining
a value in excess of 0.73, and that the fractional cover-
age of viscoelastic fluids decreases with increasing tube
diameter.

Ro and Homsy [17] performed an asymptotic analysis of
the gas-assisted displacement of a non-Newtonian fluid in a
Hele-Shaw cell. The effects of normal stress and shear stress
thinning in determining the film thickness and the pressure
jump across the interface were examined. Viscoelastic fluids
were modeled by an Oldroyd-B constitutive equation and
the solutions for the constant film thickness region and the
static meniscus region were matched in the transition regime
as for the Newtonian case [5].
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The planar geometry or Hele-Shaw cell consists of two
closely separated parallel plates having a distance 2d be-
tween them. The sides of this rectangular channel are at a
distance 2Z0 apart whered � Z0. A parameterλ is defined
as (thickness of gas bubble)/(distance between the plates).
In the rectangular channel the thickness of the tongue-like
shape is 2λd and its width is 2λwZ0, where the parameter
λw is equal to (width of the bubble)/(width of the rectangu-
lar channel).

The determination of the value ofλ andλw has been a
subject of much interest. The determination ofλw as a func-
tion of capillary number,Ca, for different cell aspect ratios,
Z0/d, has been examined experimentally by Saffman and
Taylor [24], Pitts [18], and Tabeling et al. [23]. Saffman
and Taylor [24] and Pitts [18] found that the value ofλw
decreases monotonically to 0.5 when the bubble velocity is
increased. In contrast, Tabeling et al. [23] reported that the
value ofλw never decreases to 0.5 when the bubble velocity
is increased. The problem was reconsidered by McLean and
Saffman [16] by including surface tension effects due to the
lateral curvature of the interface of the advancing finger. In
their numerical study the value ofλw was close to 0.5 at large
bubble velocity which is in good agreement with the exper-
imental data. At low velocities (i.e.Cb = 12Ca(Z0/d)2 <

100), the agreement with experiment was ambiguous since
the finger sizes predicted by the theory were significantly
below those actually measured. They found that the incor-
poration of surface tension and cell aspect ratio did not
remedy or reduce the disagreement between theory and
experiment in terms of calculating the value ofλw as a
function ofCb.

The approach of Bretherton [3] was reconsidered by Park
and Homsy [5] in the horizontal Hele-Shaw cell at very low
capillary number. The problem was solved using a perturba-
tion method with an asymptotic expansion ofC

1/3
a and the

ratio of the gap width to the transverse characteristic length
δe = d/Z0 as small quantities. They obtained relationships
betweenλ, Ca, and δe for calculating the film thickness
and pressure jump across the bubble front. The resulting
expressions were compared with the results of Bretherton
[3] and Landau and Levich [13] were considered to give
improved results.

Reinelt [8] extended his earlier work by determining the
perturbation solution of the axisymmetric flow problem for
small values ofCa andδ = d/R. In his study, some of the
boundary conditions were improved by incorporating the
film thickness into the kinematic boundary condition and
taking into account the dependence of�p on the capillary
number. The problem was also numerically solved using a
conformal mapping method and the numerical results were
presented in another paper [7]. Although the inclusion of
the effects of the film thickness variation and the lateral
and transverse curvature on the interface boundary con-
ditions improved the quantitative agreement between the
experimental and numerical results, it did not remove the
discrepancy associated with different finger widths.

In this paper, the two-dimensional flow in a rectangular
channel containing a Newtonian fluid was solved analyti-
cally in terms of eigenfunctions asθ → π/2, whereθ is the
angle between the normal to the interface and the axial di-
rection. From this analysis, the relationship between the pa-
rametersCa, λ, andkd were obtained. These parameters are
related to the amount of liquid deposited on the walls of the
rectangular channel. The procedure followed was similar to
that of Cox [1]. This analysis differs from Cox’s analysis in
terms of the geometry considered.

2. General formulation

When a less viscous fluid displaces a more viscous fluid
from a rectangular channel two closely spaced parallel
plates, interface develops a tongue-like shape with the less
viscous fluid penetrating into the more viscous fluid.

Consider the motion of a gas bubble in an incompressible
Newtonian liquid in a rectangular channel as shown in Fig. 1.
The planar geometry consists of two closely separated paral-
lel plates having a perpendicular distance 2d between them.
For the case of displacement between two flat, parallel, hor-
izontal plates, sinced � Z0, a two-dimensional approxi-
mation to the flow is valid. The equations of continuity and
motion for an incompressible Newtonian or non-Newtonian
fluid are given by

1

ẏa

∂

∂ẏ
(ẏau̇) + ∂v̇

∂ẋ
= 0 (1)

ρ

(
∂v̇

∂ṫ
+ v̇

∂v̇

∂ẋ
+ u̇

∂v̇

∂ẏ

)

= −∂ṗ

∂ẋ
−

[
1

ẏa

∂

∂ẏ
(ẏaτyx) + ∂τxx

∂ẋ

]
(2)

ρ

(
∂u̇

∂ṫ
+ v̇

∂u̇

∂ẋ
+ u̇

∂u̇

∂ẏ

)

= −∂ṗ

∂ẏ
−

[
1

ẏa

∂

∂ẏ
(ẏaτyy) + ∂τyx

∂ẋ

]
(3)

The parametera has a value of either 0 or 1 depending on
the geometry (0 corresponds to the planar case and 1 cor-
responds to a cylindrical geometry).τij is the stress tensor

Fig. 1. Schematic diagram of gas-assisted displacement.
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and ṗ the pressure. The velocity componentsv̇ and u̇ are
in the ẋ and ẏ directions, respectively. Thėy-axis is taken
normal to the channel plates (or tube wall) with the origin
at the mid-plane (or tube axis). Thusẏ has the value of±d

for the planar case at the solid boundaries. The appropri-
ate solution requires that the boundary conditions must be
applied on the walls of the channel and along the free sur-
face. In this investigation, no-slip conditions are applied at
the solid boundaries. In order to find the appropriate inter-
face boundary condition, the viscosity of the gas within the
bubble is neglected when compared with the viscosity of the
fluid exterior to the bubble. The tangential stress boundary
condition at the interface is given by

τyynyty + τxynxty + τyxnytx + τxxnxtx = 0 (4)

whereni andti are the components ofn andt which are unit
vectors normal and tangent to the interface, respectively.

The difference in the normal stress on the two sides of the
interface is balanced by the surface tension and is expressed
as

τyyn
2
y + τxxn

2
x + 2τxynxny = −p0 + σ

Ṙ
(5)

whereṘ is the principal radius of curvature of the interface,
σ the interfacial tension, andp0 the pressure within the gas
bubble.τij is the total stress and is defined as

τij = −ṗδij + µ

(
∂v̇i

∂ẋj

+ ∂v̇j

∂ẋi

)

where

δij =
{

0 if i 
= j,

1 if i = j

3. Analytical solution for Newtonian fluid
in a rectangular channel

In this analysis, it is assumed that the velocity of the liquid
varies not only in the axial direction but also in the transverse
direction. The frame of reference is taken with respect to the
stationary walls of the rectangular channel and the problem
is solved asθ → π/2, whereθ is the angle between the
normal to the interface and the axial direction. It is assumed
that the long gas bubble is moving into the viscous fluid at
a constant velocity in the positivex-direction. On the solid
boundaries the no-slip condition is applied. In order to de-
velop the appropriate interface conditions, the viscosity of
the gas within the bubble is neglected when compared with
the viscosity of the fluid exterior to the bubble. For con-
venience, velocities are nondimensionalized by the uniform
bubble velocityub, the transverse and axial coordinates by
the characteristic lengthd, and the pressure byσ/d. The
characteristic lengthd is taken to be the half distance be-
tween the parallel plates. The dimensionless variables are

defined as follows:

x = ẋ − ubt

d
, y = ẏ

d
, R = Ṙ

d
,

v = v̇

ub
, u = u̇

ub
, p = ṗ

σ/d

It is also assumed that in this approach the inertia terms are
negligible when compared with the viscous terms. In other
words, the Reynolds number is much less than unity(Re =
ρubd/µ � 1). Thus, Eqs. (1)–(3) for this two-dimensional
flow (a = 0) become

∂v

∂x
+ ∂u

∂y
= 0 (6)

∂p

∂x
= Ca

[
∂2v

∂x2
+ ∂2v

∂y2

]
(7)

∂p

∂y
= Ca

[
∂2u

∂x2
+ ∂2u

∂y2

]
(8)

where the capillary numberCa is the ratio of the viscous
force to the force due to surface tension. After eliminat-
ing pressure from the above equations and introducing the
stream function into the resulted equation gives(

∂2

∂x2
+ ∂2

∂y2

)2

ψ(x, y) = 0 (9)

The stream function is given by

v = ∂ψ

∂y
, u = −∂ψ

∂x

For the chosen frame of reference, the boundary conditions
are expressed as follows. The tangential and normal com-
ponents of velocity of the liquid at the walls of the channel
are zero. Therefore

∂ψ

∂y
= ∂ψ

∂x
= 0 at y = ±d (10)

The kinematic boundary condition at the interface is given
by

(v − 1)nx + uny = 0 (11)

According to the specified frame of referencenx and ny

are given bynx = cosθ , ny = sinθ and the relationships
between the unit normal and tangent vectors arety = −ny

andtx = ny .
Substituting the stress tensor into Eqs. (4) and (5) gives

the tangential stress and normal stress boundary conditions
at the interface

2

(
∂v

∂x

)
txnx +(txny + tynx)

(
∂v

∂y
+ ∂u

∂x

)

+2

(
∂u

∂y

)
nyty = 0 (12)
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−p(n2
x + n2

y) + 2Ca

×
[(

∂u

∂y

)
n2

y +
(

∂v

∂x

)
n2

y +
(

∂v

∂y
+ ∂u

∂x

)
nynx

]

= −p0 + 1

R
(13)

Eqs. (11)–(13) are the three interfacial boundary con-
ditions, namely the kinematic, tangential and normal
stress boundary conditions that must be satisfied by the
solution.

Since when a less viscous fluid displaces a more vis-
cous fluid from the gap between two closely spaced parallel
plates, an interface develops a tongue-like shape with the
less viscous fluid, the interface profile can be expressed in
terms of an exponential dependence onx asθ → π/2. In
other words, the stream function at the interface can be taken
to be of the formψ(x, y) = "(y) exp(kx). This will give a
relationship betweenk, decay rate,λ, andCa. As θ → π/2,
ε → 0 as shown in Fig. 1. Therefore, this form of the stream
function is valid andε has identical form as the stream func-
tion, namelyε = ε0 exp(kx) for smallε0 [1], whereε is the
distance from the constant film thickness position to the in-
terface asθ → π/2. The radius of the long gas bubble can
be taken to be equal tor = λd − ε for some small positive
perturbation.

The assumption of smallε implies that the analysis is
valid when the interface is almost parallel to the walls of
the tube or channel. Substituting the assumed form of the
stream function into Eq. (9) gives(

∂2

∂y2
+ k2

)2

"(y) = 0 (14)

The solution of Eq. (14) and the relationship between" and
ψ give

ψ(x, y)

=
{
A

(
y

2k
sinky+ 1

4k2
sin 2ky sinky + 1

4k2
cos 2ky cosky

)

+B

(
− y

2k
cosky− 1

4k2
sinky cos 2ky + 1

4k2
sin 2ky cosky

)

+C cosky + D sinky

}
exp(x, y) (15)

HereA, B, C, andD are arbitrary constants. In order to ob-
tain the pressure for the viscous fluid in the axial direction,
Eq. (7) is expressed in terms of the stream function and com-
bined with Eq. (15). After some manipulation, the resulting
equation is

p = Ca(−A sinky + B sinky)exp(ky) + F (16)

whereF is a constant. All of the boundary conditions can
be re-expressed in terms of the stream function (Eq. (15))
as follows.

The axial velocity at the walls of the channel is

A

(
1

2k
sinkd + d

2
coskd + 1

4k
cos 2kd sinkd

− 1

4k
sin 2kd coskd

)
+ B

(
− 1

2k
coskd + d

2
sinkd

+ 1

4k
sin 2kd sinkd + 1

4k
cos 2kd coskd

)
−kC sinkd + kD coskd = 0 (17)

Transverse velocity at the walls of the channel is

A

(
d

2
sinkd + 1

4k
sin 2kd sinkd + 1

4k
cos 2kd coskd

)

+B

(
−d

2
coskd − 1

4k
cos 2kd sinkd + 1

4k
sin 2kd coskd

)
+kC coskd + kD sinkd = 0 (18)

Since the solution is valid for an interface that is almost
parallel to the wall of the channel,θ can be taken to be
approximatelyπ/2. Substituting the corresponding values of
ψ(x, y) andθ into Eq. (12), the tangential stress boundary
condition at the interface becomes

A(coskλd − kλd sinkλd − 1
2 sin 2kλd

−1
2 cos 2kλd coskλd) + B

(
sinkλd + kλd coskλd

+1
2 cos 2kλd sinkλd − 1

2 sin 2kλd coskλd
)

−2k2C coskλd − 2k2D sinkλd = 0 aty = λd − ε

(19)

As θ → π , ε → 0, at the bubble surfaceε can be neglected
when compared withλd. Therefore, the radius of the bubble
can be taken to bey = λd in Eq. (19).

The normal stress boundary condition at the interface is
obtained in a similar manner. If Eqs. (15) and (16) are sub-
stituted into Eq. (13), the following expression is obtained:

k2

2Ca

(
1

(kλd)2
+ 1

)

+A

(
kλd

2
coskλd + 1

4
cos 2kλd sinkλd

−1

4
sin 2kλd coskλd

)

+B

(
kλd

2
sinkλd + 1

4
sin 2kλd sinkλd

+1

2
cos 2kλd coskλd

)
− Ck2 sinkλd + Dk2 coskλd

= 1

2Ca
(p0 − F)exp(−kx) = 0 (20)

wherep0 is the pressure within the gas bubble andF an
arbitrary constant which comes from the calculation of the
viscous fluid pressure. Thus,F can be taken to be equal to
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p0 without loss of generality. The curvature of the interface
are given by

1

R
= d2ε/dx2

[1 + (dε/dx)2]3/2
+ ε

(λd)2

for two-dimensional flow, and(dε/dx)2 � 1. If nx and
ny are substituted into Eq. (11) and the resulted equation
is rearranged by dividing by sinθ and cotθ is taken to be
dε/dx which can be seen in Fig. 1, the kinematic boundary
condition at the interface becomes

dε

dx
= ∂ψ

∂y

dε

dx
− ∂ψ

∂x

On the right-hand side of the above equation the first term
is negligible compared to the second term, and substituting
for ψ andε the above equation becomes

ε0 +A

(
λd

2k
sinkλd + 1

4k2
sin 2kλd sinkλd

+ 1

4k2
cos 2kλd coskλd

)

+B

(
−λd

2k
coskλd − 1

4k2
cos 2kλd sinkλd

+ 1

4k2
sin 2kλd coskλd

)
+ C coskλd

+D sinkλd = 0 (21)

Combining Eqs. (19) and (21) gives

k2ε0 + 1
2A coskλd + 1

2B sinkλd = 0 (22)

We now have five equations namely, Eqs. (17), (18) and
(20)–(22) for a non-trivial solution. These five equations can
be written in matrix form. After some of these equations are
rearranged, the matrix form of the equations is given by


x11 x12 x13 x14 x15
x21 x22 x23 x24 x25
x31 x32 x33 x34 x35
x41 x42 x43 x44 x45
x51 x52 x53 x54 x55







Gm
A

B

Cm
Dm


 =




0
0
0
0
0


 (23)

wherexij are

x11 = 1, x12 = 1
2 coskλd, x13 = 1

2 sinkλd,

x14 = 0, x15 = 0, x21 = 1,

x22 = 1
2kλd sinkλd + 1

4 sin 2kλd sinkλd

+1
4 cos 2kλd coskλd,

x23 = −1
2kλd coskλd − 1

4 cos 2kλd sinkλd

+1
4 sin 2kλd coskλd, x24 = coskλd,

x25 = sinkλd, x31 = 1

2Ca
[(kλd)−2 + 1],

x32 = 1
2kλd coskλd + 1

4 cos 2kλd sinkλd

−1
4 sin 2kλd coskλd,

x33 = 1
2kλd sinkλd + 1

4 sin 2kλd sinkλd

+1
4 cos 2kλd coskλd,

x34 = − sinkλd, x35 = coskλd, x41 = 0,

x42 = 1
2kd sinkd + 1

4 sin 2kd sinkd + 1
4 cos 2kd coskd,

x43 = −1
2kd coskd − 1

4 cos 2kd sinkd + 1
4 sin 2kd coskd,

x44 = coskd, x45 = sinkd, x51 = 0,

x52 = 1
2 sinkd + 1

2kd coskd + 1
4 cos 2kd sinkd

−1
4 sin 2kd coskd,

x53 = −1
2 coskd + 1

2kd sinkd

+1
4 sin 2kd sinkd + 1

4 cos 2kd coskd,

x54 = − sinkd, x55 = coskd

where Gm, Cm, and Dm are constants and are equal to
k2ε0, k2C, andk2D, respectively. The first, fourth, and fifth
columns of the matrix can be divided byk2 in order to re-
movek2 from Eq. (23) without changing the validity of the
expression. The second term in Eq. (23) cannot be equal to
zero. Therefore, the first term must be equal to zero.

In the gas-assisted displacement process, for two-
dimensional flow, the relationships between the important
quantities such asCa, λ, and k are contained in Eq. (23)
implicitly. These parameters determine the amount of liquid
deposited on the walls of the channel. These quantities de-
pend very much upon one another as shown in Fig. 2. The
graphical relationship betweenCa, λ, andkd (kd rather than
k since all three quantities are non-dimensional) is drawn
by keeping one of these three parameters constant, varying
a second parameter and computing the third parameter.

4. Results and discussion

As mentioned previously, the relationship between the
relevant governing parameters in gas-assisted displacement
was obtained from this analysis implicitly. The analysis pro-
vides a satisfactory relationship betweenm andCa for val-
ues ofkd between 1.8 and 2.0. It is expected that the coating
thickness obtained from this analysis for a rectangular chan-
nel is close to the experimental data for a value ofkd taken
to be 1.95 since the perturbation solution at low capillary
number is close to this value ofkd (see Fig. 2).

The eigenfunction solution, perturbation solution, and nu-
merical solution have been compared with each other in
Fig. 2 (for more detailed discussion, see [12]). It is found
that the computed fraction of liquid deposited on the wall
of a rectangular channel containing a Newtonian fluid de-
termined from the eigenfunction solution is larger than that
of the corresponding numerical solution.

The gas-assisted displacement of a Newtonian fluid in a
circular tube was analyzed by Cox [1]. In his study, the
experimental data are in close agreement with the theoretical
analysis forkd = 2, whered is the tube radius. It was shown
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Fig. 2. Liquid fraction deposited on the walls of a rectangular channel as a function of capillary number for Newtonian fluids; eigenfunction solution
(+, ∗, x), perturbation solution(�), numerical results of Reinelt and Saffman(· · · ).

that the solution is only valid under certain restrictions such
asθ → π/2 andkd = 2.

In this analysis the solution is also valid for an gas–liquid
interface is almost parallel to the walls of a rectangular chan-
nel and it was assumed that the tongue-like shape of the in-
terface moved so slow that the fingering was not occurred.
In other words, it is valid under the certain restriction such
asθ → π/2 and for values ofkd between 1.8 and 2.0. The
fraction of Newtonian liquid deposited on the wall of a tube
obtained from the approach presented here is almost identi-
cal to the experimental data for value ofkd taken to be 2.0
[1]. On the other hand, in the case of a rectangular channel it
is expected that the fractional coverage of a Newtonian fluid
is close to the experimental data for value ofkd taken to be
1.95 since, as stated previously, the perturbation solution at
low capillary number is close to this value ofkd.

The coating thickness obtained from the eigenfunction
solution is larger than that obtained from the numerical so-
lution. However, the numerical solution does not explicitly
include values fork andd. Unfortunately, experimental data
are not available for validating either the eigenfunction so-
lution or the numerical solution and thus deciding which
approach is more accurate. However, it is expected that the
coating thickness obtained from this analysis for a rectan-
gular channel is close to the experimental data for a value
of kd taken to be 1.95 since the perturbation solution at low
capillary number is close to this value ofkd (see Fig. 2).

As can be seen in Fig. 2, the fraction of liquid deposited on
the walls of a rectangular channel decreases with increasing
values ofkd. The computed liquid film thickness from the

numerical analysis can be obtained by means of this analysis
by varying the value ofkd.

For different values ofkd, the fraction of liquid deposited
on the walls of a rectangular channel is shown as a function
of capillary number for the case of a Newtonian fluid in
Fig. 2. The perturbation analysis, eigenfunction solution,
and the numerical data of Reinelt and Saffman [9] are also
compared in Fig. 2. The perturbation solution is valid only
for very small capillary numbers as evident in the figure. The
eigenfunction solution is closer to the perturbation analysis
than the numerical results of Reinelt and Saffman [9] for
small capillary number as can be seen in Fig. 2.

5. Conclusions

This analysis provides a satisfactory relationship between
m andCa for values ofkd between 1.8 and 2.0. Different
values ofkd result in various values of the liquid fraction
deposited on the walls of a Hele-Shaw cell. It is expected
that the coating thickness obtained from this analysis for a
rectangular channel is close to the experimental data for a
value ofkd taken to be 1.95 since the perturbation solution
at low capillary number is close to this value ofkd.
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