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Abstract

The two-dimensional flow in a rectangular channel containing a Newtonian fluid was solved analytically in terms of eigenfunctions as
0 — m/2, wheref is the angle between the normal to the interface and the axial direction. From this analysis, the relationship between
the parameter§y,, A, andkd were obtained. These parameters are related to the amount of liquid deposited on the walls of the rectangular
channel. This analysis provides a satisfactory relationship betwesd C, for values ofkd between 1.8 and 2.0. It is expected that the
coating thickness obtained from this analysis for a rectangular channel is close to the experimental data for &d/édkemfo be 1.95
since the perturbation solution at low capillary number is close to this valke dhe solution is valid for an interface is almost parallel
to the walls of the Hele-Shaw cell. © 2001 Elsevier Science B.V. All rights reserved.
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1. Introduction with constant velocityu,, where o is the viscosity of the
driven liquid, u, the bubble velocity, and the gas-liquid
The motion of long bubbles into Newtonian fluids con- interfacial tension. In a circular tube or square channel, the
fined in horizontal cylindrical tubes or channels of rectan- bullet-like shape of the bubble persists even at very large
gular cross-section (Hele-Shaw cell) has been studied forcapillary number. In other words, the fingering effect does
several years. When a less viscous fluid displaces a morenot occur in the case of a long bubble advancing in either a
viscous fluid from the gap between two closely spaced par- circular tube or a square channel at large capillary numbers.
allel plates, the interface develops a tongue-like shape with Most analytical and/or numerical studies of gas-assisted
the less viscous fluid penetrating into the more viscous fluid. displacement in rectangular channels, and other geometries,
Similarly, when air is forced into one end of a circular tube commonly assume that the flow is two-dimensional. The fact
containing a viscous liquid, it forms a round-ended column that the gap thickness between the two planes, denotef] as 2
or bullet-like shape which travels down the tube forcing is very small makes it possible to derive the two-dimensional
some liquid out at the far end and leaving a fraction of the flow field equations.
liquid m, in the form of an annular layer covering the wall. As mentioned previously, gas-assisted liquid displace-
In the case of a square channel the shape of the less visiment, has been extensively investigated for more than
cous fluid penetrating into the more viscous fluid depends 60 years. Fairbrother and Stubbs [14] performed the first
on the velocity of the less viscous fluid. If the velocity of experiments to determine the amount of liquid left inside
the less viscous fluid (called the bubble or finger hereafter) of a tube when it is displaced by another immiscible fluid.
is larger than a certain limiting value, the bubble assumes They determined the flow rate of the liquid by measuring
a bullet-like shape; otherwise, the bubble conforms to the the motion of the gas interface in the tube. An empirical
shape of the square channel. In a rectangular channel, ifcorrelation for the fraction of the liquid deposited on the
the capillary numberC, = uup/o, is not too large, a sin-  walls of the tube was formulated as follows:
gle steady-state tongue-like shape moves through the cell

o Up —u _ 1.0C611/2 _ <%>1/2
Up o
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deposited on the walls of the tube or channel and the pres-

uids in circular tubes was also experimentally studied by sure drop across the bubble front. According to their study,

Taylor [4]. By plotting the fraction of the liquid as a func-

a single isolated bubble resembles an infinitely long bubble

tion of the capillary number, he collapsed the data on to in terms of determining the film thickness and pressure

a single curve, and showed that this fraction asymptoti-

cally approached the value of 0.56 for a capillary number
nearly equal to 2. Cox [1,2] extended Taylor’s [4] result to
capillary numbers up to 10 and showed that the limiting
fraction of the liquid deposited on the walls of the tube

drop across the bubble front if the length of the bubble
exceeds the channel width. Their analysis is only valid for
Ca>3x103.

Kolb and Cerro [11] studied the isothermal gas-assisted
displacement of a Newtonian liquid from a channel of square

was approximately 0.6. His theoretical analysis resulted in cross-section and showed that the liquid deposited on the

a fourth-order differential equation in terms of the stream
function. Inertial and gravitational forces were neglected.

wall of the square tube also approaches an asymptotic limit
at high capillary numbers. Abov€,; = 0.1, the gas forms

The streamlines were assumed to be a specific functiona circular hollow core and thicker liquid deposition; below
of the spatial coordinates. The governing equations were C; = 0.1 the hollow core takes on the square cross-section

expressed in matrix form and solved numerically.
Bretherton [3] also undertook a theoretical analysis of this
problem for circular capillaries. He found an approximate

solution using the method of matched asymptotic expan-

of the tube as the deposition thickness is reduced. The above
study was extended [10] by adding the lubrication approx-
imation for intermediate to large capillary numbers where
the flow is axisymmetric. In their work the film thickness

sions. The idea behind this theoretical treatment is that for on the walls of the square channel can be predicted as a

sufficiently smallC, the viscous stresses appreciably mod-
ify the static profile of the bubble only very near to the
wall. In this region, the lubrication approximation gives a
good description of the flow field and of the interface pro-
file. In the center of the capillary, the static profile is valid
and there is a region of overlap in which the two solutions
are matched. Using the lubrication approximation which re-
quires quasi-unidirectional flow in the thin liquid film and

assuming the slope of the fluid—fluid interface to be small,
it can be shown that the velocity profile is parabolic. The
boundary conditions for steady flow are the no-slip condition

function of capillary number since the velocity profile of
the fluid flowing between the bubble and the square channel
walls is known. It was claimed that the lubrication approxi-
mation solution is in good agreement with experimental data
for values of capillary number between 0.7 and 2.0.

Unlike previous investigators, Poslinski et al. [21] investi-
gated non-Newtonian fluids deposited on the walls of a tube.
They found that the fraction of the non-Newtonian fluid de-
posited on the walls is less than that of a corresponding
Newtonian fluid at low capillary number. At higher capillary
number the fraction of the liquid deposited asymptotically

at the capillary wall, and tangential stress equal to zero at theincreases and approaches a value of 0.58.

fluid interface. The bubble is assumed to be inviscid result-

Poslinski and Coyle [22] have also examined shear thin-

ing in a constant pressure within the bubble. The pressure inning effects using numerical simulation of the gas-assisted
the liquid film is given by the pressure drop across the inter- displacement of non-Newtonian fluids in a tube and slit.

face which is approximated by the Young—Laplace equation.
Bretherton [3] also systematically explored a number of pos-

Numerical results indicated that fluids with a shear thinning
viscosity exhibit a thinner liquid film thickness than corre-

sible causes for the discrepancy between the analysis andgponding Newtonian fluids.
experimental data. Schwartz et al. [15] considered the same Huzyak and Koelling [25] experimentally investigated

problem and found some differences in liquid film thickness

for sufficiently long bubbles, as compared to short bubbles.

An experimental study by Marchessault and Mason [19]

the gas-assisted displacement of non-Newtonian fluids de-
posited on the walls of a tube. They examined the effect
of fluid elasticity and tube diameter on the fractional cov-

used air bubbles in a dilute aqueous solution of potassiumerage. Their study showed that unlike Newtonian fluids,
chloride. Film thicknesses were inferred from resistance the fractional coverage for viscoelastic fluid did not reach
measurements and were found to be substantially largeran asymptotic value but continued to increase, attaining
than those reported by Bretherton [3]. The residual wetting a value in excess of 0.73, and that the fractional cover-

layer of the displaced liquid will vary with the velocity of
advance of the interface.
Numerical studies of capillary tube displacement of a wet-

age of viscoelastic fluids decreases with increasing tube
diameter.
Ro and Homsy [17] performed an asymptotic analysis of

ting liquid by a semi-infinite inviscid slug of gas have been the gas-assisted displacement of a non-Newtonian fluid in a
presented. Both Reinelt and Saffman [9] using a finite differ- Hele-Shaw cell. The effects of normal stress and shear stress
ence method and Shen and Udell [20] using a finite elementthinning in determining the film thickness and the pressure
approach solved the full creeping-motion equations with jump across the interface were examined. Viscoelastic fluids
the continuity of stress imposed exactly on the free surface.were modeled by an Oldroyd-B constitutive equation and

Ratulowski and Chan [6] investigated a single discrete the solutions for the constant film thickness region and the
bubble and the motion of a long bubble in a circular tube static meniscus region were matched in the transition regime
and square channel. They determined the fraction of liquid as for the Newtonian case [5].
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The planar geometry or Hele-Shaw cell consists of two  In this paper, the two-dimensional flow in a rectangular
closely separated parallel plates having a distantde- channel containing a Newtonian fluid was solved analyti-
tween them. The sides of this rectangular channel are at acally in terms of eigenfunctions #&— 7/2, whered is the
distance Z apart wherel < Zo. A parametei is defined angle between the normal to the interface and the axial di-
as (thickness of gas bubble)/(distance between the plates)rection. From this analysis, the relationship between the pa-
In the rectangular channel the thickness of the tongue-like rametersC,, A, andkd were obtained. These parameters are
shape is 24 and its width is 2,,Zp, where the parameter related to the amount of liquid deposited on the walls of the
M is equal to (width of the bubble)/(width of the rectangu- rectangular channel. The procedure followed was similar to
lar channel). that of Cox [1]. This analysis differs from Cox’s analysis in

The determination of the value of and Ay has been a  terms of the geometry considered.
subject of much interest. The determinatiori@gfas a func-
tion of capillary number(j,, for different cell aspect ratios,

Zo/d, has been examined experimentally by Saffman and 2. General formulation

Taylor [24], Pitts [18], and Tabeling et al. [23]. Saffman

and Taylor [24] and Pitts [18] found that the value af When a less viscous fluid displaces a more viscous fluid
decreases monotonically to 0.5 when the bubble velocity is from a rectangular channel two closely spaced parallel
increased. In contrast, Tabeling et al. [23] reported that the plates, interface develops a tongue-like shape with the less
value ofiy never decreases to 0.5 when the bubble velocity viscous fluid penetrating into the more viscous fluid.

is increased. The problem was reconsidered by McLean and Consider the motion of a gas bubble in an incompressible
Saffman [16] by including surface tension effects due to the Newtonian liquid in a rectangular channel as shown in Fig. 1.
lateral curvature of the interface of the advancing finger. In The planar geometry consists of two closely separated paral-
their numerical study the value df, was closeto 0.5 atlarge lel plates having a perpendicular distaneettween them.
bubble velocity which is in good agreement with the exper- For the case of displacement between two flat, parallel, hor-
imental data. At low velocities (i.eCp = 12Ca(Zo/d)? < izontal plates, sincd <« Zp, a two-dimensional approxi-
100), the agreement with experiment was ambiguous sincemation to the flow is valid. The equations of continuity and
the finger sizes predicted by the theory were significantly motion for an incompressible Newtonian or non-Newtonian
below those actually measured. They found that the incor- fluid are given by

poration of surface tension and cell aspect ratio did not

remedy or reduce the disagreement between theory and——(y u) + a—v =0 (@D)]
experiment in terms of calculating the value &of as a 9y ox
function of Cy. 90 39 90
The approach of Bretherton [3] was reconsidered by Park p (— +v— + i —)
and Homsy [5] in the horizontal Hele-Shaw cell at very low d ) ox 9y
capillary number. The problem was solved using a perturba-  _ _ 97 _ [ii( 90 + aﬂ} B
tion method with an asymptotic expansion@}’® and the ax [y T
ratio of the gap width to the transverse characteristic length
de = d/Zo as small quantities. They obtained relationships du . du . du
between, Ca, and e for calculating the film thickness <§ Ut +”@)
and pressure jump across the bubble front. The resulting 95 1 3 97
expressions were compared with the results of Bretherton = ——I,’ — [ — (1) + —yx} 3)
[3] and Landau and Levich [13] were considered to give ay Ly oy 9x
improved results. The parametes has a value of either O or 1 depending on

Reinelt [8] extended his earlier work by determining the the geometry (0 corresponds to the planar case and 1 cor-

perturbation solution of the axisymmetric flow problem for responds to a cylindrical geometryy; is the stress tensor
small values ofC; andé = d/R. In his study, some of the

boundary conditions were improved by incorporating the
film thickness into the kinematic boundary condition and
taking into account the dependence/p on the capillary
number. The problem was also numerically solved using a
conformal mapping method and the numerical results were
presented in another paper [7]. Although the inclusion of
the effects of the film thickness variation and the lateral
and transverse curvature on the interface boundary con-
ditions improved the quantitative agreement between the
experimental and numerical results, it did not remove the
discrepancy associated with different finger widths. Fig. 1. Schematic diagram of gas-assisted displacement.
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and p the pressure. The velocity componetandu are defined as follows:
in the x andy directions, respectively. The¢-axis is taken

normal to the channel plates (or tube wall) with the origin , — * — b’ y=2, R = 5
at the mid-plane (or tube axis). Thushas the value of-d o d - d o d
for the planar case at the solid boundaries. The appropri-,, _ 17 U= i’ p= P
ate solution requires that the boundary conditions must be up Up o/d

applied on the walls of the channel and along the free sur- i i 454 assumed that in this approach the inertia terms are

fﬁce. Ithr;;s |n\c/jes_t|gat:on, go—sllpfpodndrl]tlons are gpphgd at negligible when compared with the viscous terms. In other
the solid boundaries. In order to find the appropriate inter- words, the Reynolds number is much less than ufily=

face boundary condition, the viscosity of the gas within the pund /1 < 1). Thus, Egs. (1)~(3) for this two-dimensional

bu_bble is r_leglected when compared W|th_ the viscosity of the flow (¢ = 0) become

fluid exterior to the bubble. The tangential stress boundary

condition at the interface is given by 3_” + 3_“ -0 (6)
dx  dy

Tyynyty + Txynxty + Tyxnytx + Tty = 0 (4)

wheren; ands; are the components afandt which are unit p =C, [& + &} @)

vectors normal and tangent to the interface, respectively.  dx 0x2  9y2

The difference in the normal stress on the two sides of the

interface is balanced by the surface tension and is expressed, 2y 92
—=Cal—=+7> 8
* e = e 5+ e ©
2 2 _ o
Tyyity + Doty + 2oyixity = —po + 7 () where the capillary numbeEs, is the ratio of the viscous

) force to the force due to surface tension. After eliminat-
whereR is the principal radius of curvature of the interface, ing pressure from the above equations and introducing the
o the interfacial tension, angp the pressure within the gas  stream function into the resulted equation gives

bubble.xjj is the total stress and is defined as 2

3% 92
' 3 90 (—2+—2> Yx,y)=0 )
Tij = —pdij + 1 (ﬁ + a—x’) dx< 9y
! ' The stream function is given by
where oy oy
. v=——, =—-—
5 { 0 if i# ], dy ax
ij = L
1t i=j For the chosen frame of reference, the boundary conditions
are expressed as follows. The tangential and normal com-
ponents of velocity of the liquid at the walls of the channel
3. Analytical solution for Newtonian fluid are zero. Therefore
in arectangular channel W oY

_8—=0 at y=d24d (10)
In this analysis, it is assumed that the velocity of the liquid *
varies not only in the axial direction but also in the transverse The kinematic boundary condition at the interface is given
direction. The frame of reference is taken with respect to the by
stationary walls of the rectangular channel and the problem _
is solved a® — /2, whered is the angle between the (v =Dy +un, =0 (11)
normal to the interface and the axial direction. It is assumed According to the specified frame of referencg and ny
that the long gas bubble is moving into the viscous fluid at are given byn, = cosd, ny = sind and the relationships
a constant velocity in the positive-direction. On the solid between the unit normal and tangent vectorsrare —n,,
boundaries the no-slip condition is applied. In order to de- ands, = ny.
velop the appropriate interface conditions, the viscosity of  Substituting the stress tensor into Egs. (4) and (5) gives
the gas within the bubble is neglected when compared with the tangential stress and normal stress boundary conditions
the viscosity of the fluid exterior to the bubble. For con- at the interface
venience, velocities are nondimensionalized by the uniform
bubble velocityuyp, the transverse and axial coordinates by » (@) feny +(txny + fyny) (a_v + a_”)
the characteristic length, and the pressure hy/d. The ox T dy ~ ox
characteristic lengtld is taken to be the half distance be- (E)u)
+2| — |nyty, =0

tween the parallel plates. The dimensionless variables are (12)
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—p(nZ +n?) +2Ca The axial velocity at the walls of the channel is
ou\ - ov 2 v Ou 1 . d 1 .
— — s , A | = sinkd + —= coskd + — cos Xdsinkd
X[(ay>"y+<ax>"y+<ay+ax>”>"x] <2k *3 T x
1 L inkdcoskd) + B (= = coskd + & sinkd
= —po+ (13) — 4z Sindcoskd ) + B { ——- coskd + 7 sin

Egs. (11)-(13) are the three interfacial boundary con- +i sin Z&dsinkd + 1 cos Xd coskd)
ditions, namely the kinematic, tangential and normal 4k 4k
stress boundary conditions that must be satisfied by the =~ —KCsinkd + kD coskd = 0 (7
solution.

Since when a less viscous fluid displaces a more vis-
cous fluid from the gap between two closely spaced parallel d . 1 . ) 1
plates, an interface develops a tongue-like shape with the <§ sinkd + - sin xdsinkd + - cos xd COSkd>
less viscous fluid, the interface profile can be expressed in d 1 1
terms of an exponential dependencexonsé — n/2. In +B <—— coskd — — cos xdsinkd + — sin Zd coskd)
other words, the stream function at the interface can be taken 2 .4k 4
to be of the formy (x, y) = @ (y) exp(kx). This will give a +kCcoskd + kD sinkd = 0 (18)
relationship betweeh, decay rate}, andCy. As6 — n/2,
¢ — 0 as shown in Fig. 1. Therefore, this form of the stream
function is valid and: has identical form as the stream func-
tion, namelye = gg exp(kx) for small g [1], wheree is the
distance from the constant film thickness position to the in-
terface a® — /2. The radius of the long gas bubble can
be taken to be equal to= Ad — ¢ for some small positive A (coskrd — kid sinkid — %sin kad
perturbation. 1 )

The assumption of small implies that the analysis is —73 COs ZAd coskid) + B (5'”“51 + kad coskad
valid when the interface is almost parallel to the walls of
the tube or channel. Substituting the assumed form of the

Transverse velocity at the walls of the channel is

Since the solution is valid for an interface that is almost
parallel to the wall of the channef, can be taken to be
approximatelyr /2. Substituting the corresponding values of
¥(x,y) andé into Eq. (12), the tangential stress boundary
condition at the interface becomes

+3 cos Zrd sinkid — 1 sin 2ad coskkd)

stream function into Eq. (9) gives _2K2C coskid — 2k2D sinkid = O aty = rd — ¢
2

32 19
(—2 + kz) @ (y) =0 (14) (19)

9 As 6 — m, e — 0, at the bubble surfacecan be neglected
The solution of Eq (14) and the re'ationship betweeand when Compared withd. Therefore, the radius of the bubble
¥ give can be taken to bg = Ad in Eq. (19).

The normal stress boundary condition at the interface is
Y(x,y) obtained in a similar manner. If Egs. (15) and (16) are sub-

stituted into Eq. (13), the following expression is obtained:

i ! +1
2Ca \ (kAd)?

kad 1
+A (T coskid + 2 cos ZAd sinkAd

_ {A (ﬂ sinky+-— 4k2 sin Z<ysmky+ 5 COS 2<ycosky)

+B (_Zy_k cosky—— sinky cos 2<y+ 5 sin 2kycosky>

+C cosky + Dsinky} exp(x, y) (15) Linod coskkd)
4

HereA, B, C, andD are arbitrary constants. In order to ob-
tain the pressure for the viscous fluid in the axial direction,
Eq. (7) is expressed in terms of the stream function and com-
bined with Eq. (15). After some manipulation, the resulting +§ cos ZAd coskkd) — CK? sinkid + DK? coskAd
equation is

1
p = Ca(—Asinky + B sinky)expky) + F (16) = z_ca(po — F)exp(—kx) =0 (20)

kad . 1 . .
+B > sinkid + Z sin 2kAd sinkid

where F is a constant. All of the boundary conditions can where pg is the pressure within the gas bubble akdan
be re-expressed in terms of the stream function (Eq. (15)) arbitrary constant which comes from the calculation of the
as follows. viscous fluid pressure. Thusg;, can be taken to be equal to
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po without loss of generality. The curvature of the interface x33 = %kkd sinkid + 711 sin ZkAd sinkAd

are given by +1 cos Zxd coskad,
1 d?e /dx? P X34 = — SinkAd, X35 = COSkAd, x41 =0,
R [14(de/dx)?]32 © (ad)? x42 = Skdsinkd + % sin dssinkd + 1 cos &d coskd,

for two-dimensional flow, andds/dx)? <« 1. If n, and x43 = —kdcoskd — £ cos Xdsinkd + % sin 2kd coskd,
ny are substituted into Eqg. (11) and the resulted equation
is rearranged by dividing by sihand cob® is taken to be

de/dx which can be seen in Fig. 1, the kinematic boundary

X44 = coskd, X45 = sinkd, x51 =0,
x52 = 3 sinkd + Skdcoskd + % cos Xdsinkd

condition at the interface becomes —%1 sin 2kd coskd,
de 3y de  dy x53 = —3 coskd + kdsinkd
dv 9y dx  ox +7 sin dsinkd + % cos xd coskd,
On the right-hand side of the above equation the first term y;, — — sinkd, x55 = coskd
is negligible compared to the second term, and substituting
for ¢ ande the above equation becomes where G, Cnm, and Dy, are constants and are equal to
k2, k2C, andk?D, respectively. The first, fourth, and fifth
g0 +A (ﬁ sinkid + 1 sin 2Zkad sinkad columns of the matrix can be divided l§ in order to re-
2k 4k? movek? from Eq. (23) without changing the validity of the
1 expression. The second term in Eq. (23) cannot be equal to
+W cos &xd COSk)”d) zero. Therefore, the first term must be equal to zero.
d 1 In the gas-assisted displacement process, for two-
+B (_Z coskAid — 2 ©08 &\d sinkrd dimensional flow, the relationships between the important
guantities such a€,, A, andk are contained in Eq. (23)
+i sin 2cid COSkAd) + C coskrd implicitly. These parameters determine the amount of liquid
4k? deposited on the walls of the channel. These quantities de-
+Dsinkid =0 (21) pend very much upon one another as shown in Fig. 2. The

graphical relationship betweery, A, andkd (kd rather than

k since all three quantities are non-dimensional) is drawn
kg0 + %A coskid + %B sinkAd =0 (22) by keeping one of these three parameters constant, varying
a second parameter and computing the third parameter.

Combining Egs. (19) and (21) gives

We now have five equations namely, Egs. (17), (18) and

(20)—(22) for a non-trivial solution. These five equations can

be written in matrix form. After some of these equations are ) ]
rearranged, the matrix form of the equations is given by ~ 4 Resultsand discussion

X11 X12 X13 X14 Xi5 Gm 0 As mentioned previously, the relationship between the
X21 X22 X23 X24 X25 A 0 relevant governing parameters in gas-assisted displacement
X31 X32 X33 X34 X35 B |=10 (23) was obtained from this analysis implicitly. The analysis pro-
X41  X42 X43  X44  X45 Cm 0 vides a satisfactory relationship betweerand C, for val-

X51 X52 X53 X54 XS5 D 0

ues ofkd between 1.8 and 2.0. It is expected that the coating
thickness obtained from this analysis for a rectangular chan-
nel is close to the experimental data for a valué&afaken
xi=1 X12 = %coskkd, xX13 = %sinkkd, to be 1.95 since the perturbation solution at low capillary
number is close to this value &l (see Fig. 2).

wherexj; are

4= (1) = ? _ T2 = L The eigenfunction solution, perturbation solution, and nu-
x22 = 5kAd sinkAd + 7 sin Zd sinkAd merical solution have been compared with each other in
_,_‘_11 cos ZAd coskid, Fig. 2 (for more detailed discussion, see [12]). It is found

that the computed fraction of liquid deposited on the wall

- _1 _1 i o . ;
x23 = —zkAd COSkAd — 7 COS ZAd sinkAd of a rectangular channel containing a Newtonian fluid de-

+% sin 2kAd coskAd, X24 = COSkAd, termined from the eigenfunction solution is larger than that
. 1 > of the corresponding numerical solution.
x25 = SiNkAd, x31= Z—Ca[(k)»d) +1], The gas-assisted displacement of a Newtonian fluid in a

— Liod coskad 4 1 ad Sinkad circular tube was analyzed by Cox [1]. In his study, the
x32 = 3kAd co + zC0S&AdSIn experimental data are in close agreement with the theoretical
—%1 sin ZkAd cosk\d, analysis folkd = 2, whered is the tube radius. It was shown
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+ + kd=1.85

0.9} + 4 kd=1.95 7]
x x  kd=2.05

0.8} O O Perturbation Solution | 1

Numerical Solution

0.7 E

0.6 i

0.5 +++ + + F + + .
s B * *

0.4 x x x x 4

©
w

Liquid Fraction Deposited on the Walls, m
o
n

o
=

0 1 1 1 1 1 1
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
Capillary Number, Ca

Fig. 2. Liquid fraction deposited on the walls of a rectangular channel as a function of capillary number for Newtonian fluids; eigenfunction solution
(+, *, x), perturbation solutiofO), numerical results of Reinelt and Saffman ).

that the solution is only valid under certain restrictions such numerical analysis can be obtained by means of this analysis
asf — /2 andkd = 2. by varying the value okd.

In this analysis the solution is also valid for an gas—liquid  For different values okd, the fraction of liquid deposited
interface is almost parallel to the walls of a rectangular chan- on the walls of a rectangular channel is shown as a function
nel and it was assumed that the tongue-like shape of the in-of capillary number for the case of a Newtonian fluid in
terface moved so slow that the fingering was not occurred. Fig. 2. The perturbation analysis, eigenfunction solution,
In other words, it is valid under the certain restriction such and the numerical data of Reinelt and Saffman [9] are also
asé — /2 and for values okd between 1.8 and 2.0. The compared in Fig. 2. The perturbation solution is valid only
fraction of Newtonian liquid deposited on the wall of a tube for very small capillary numbers as evident in the figure. The
obtained from the approach presented here is almost identi-eigenfunction solution is closer to the perturbation analysis
cal to the experimental data for value kaf taken to be 2.0  than the numerical results of Reinelt and Saffman [9] for
[1]. On the other hand, in the case of a rectangular channel itsmall capillary number as can be seen in Fig. 2.
is expected that the fractional coverage of a Newtonian fluid
is close to the experimental data for valuekdftaken to be
1.95 since, as stated previously, the perturbation solution at5. Conclusions
low capillary number is close to this value kd.

The coating thickness obtained from the eigenfunction  This analysis provides a satisfactory relationship between
solution is larger than that obtained from the numerical so- m and C, for values ofkd between 1.8 and 2.0. Different
lution. However, the numerical solution does not explicitly values ofkd result in various values of the liquid fraction
include values fok andd. Unfortunately, experimental data deposited on the walls of a Hele-Shaw cell. It is expected
are not available for validating either the eigenfunction so- that the coating thickness obtained from this analysis for a
lution or the numerical solution and thus deciding which rectangular channel is close to the experimental data for a
approach is more accurate. However, it is expected that thevalue ofkd taken to be 1.95 since the perturbation solution
coating thickness obtained from this analysis for a rectan- at low capillary number is close to this value laf.
gular channel is close to the experimental data for a value
of kd taken to be 1.95 since the perturbation solution at low
capillary number is close to this value kd (see Fig. 2).

As can be seen in Fig. 2, the fraction of liquid dpp_osited on [1] B.G. Cox, J. Fluid Mech. 14 (1962) 81.
the walls of a rectangular channel decreases with increasing 5] B.g. cox, J. Fluid Mech. 20 (1964) 193.
values ofkd. The computed liquid film thickness from the  [3] F.P. Bretherton, J. Fluid Mech. 10 (1961) 166.
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